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We disuss the infrared divergenes that appear to plague osmologial perturbation theory. We
show that within the stohasti framework they are regulated by eternal ination so that the theory
predits nite utuations. Using the ∆N formalism to one loop, we demonstrate that the infrared
modes an be absorbed into additive onstants and the oeients of the diagrammati expansion
for the onneted parts of two and three-point funtions of the urvature perturbation. As a result,
the use of any infrared uto below the sale of eternal ination is permitted, provided that the
bakground elds are appropriately redened. The natural hoie for the infrared uto would of
ourse be the present horizon; other hoies manifest themselves in the running of the orrelators. We
also demonstrate that it is possible to dene observables that are renormalization group invariant.
As an example, we derive a non-perturbative, infrared nite and renormalization point independent
relation between the two-point orrelators of the urvature perturbation for the ase of the free
single eld.
I. INTRODUCTION
Primordial perturbations generated during ination are onveniently haraterized by the gauge-invariant urvature
perturbation whih an be diretly related to the observed CMB anisotropies [1℄. The study of the properties of the
urvature perturbation arising in various inationary models has led to a remarkable onfrontation of early universe
theory with osmologial observations. The inreasing observational preision has plaed inreasing demands on the
theory and over the past few years results beyond linear theory have been sought, mainly fousing, but not limited
to, non-gaussianity. It is well known however that the n-point orrelators of the urvature perturbation ontain IR
divergenes as a onsequene of the approximative sale invariane and gaussianity of inationary perturbations
1
.
Although orrelators extending to superhorizon sales as suh are not observable, the infrared behavior an manifest
itself non-trivially both in lassial and quantum eld theory when omputing higher order perturbative orretions.
Moreover, in priniple we only have to wait long enough, and the infrared modes will beome observable. Therefore,
a satisfatory understanding of the theory requires that these IR divergenes an be ontrolled.
To demonstrate the problems related to the infrared divergenes, it is enough to onsider two point orrelators and
single eld ination. Using the ∆N formalism [2℄, the urvature perturbation ζ(x) an be expressed in a simple form
ζ(x) = N ′φ(x) +
1
2
N ′′(φ2(x) − 〈φ2〉) + . . . , (1)
where N is the number of e-folds and φ denotes perturbations of the inaton eld on spatially at slies. The rst
order ontribution to the two point orrelator of the urvature perturbation behaves as
〈ζ(x1)ζ(x2)〉(1) = (N ′)2G(|x1 − x2|) ∼ −(N ′)2Pφln
( |x1 − x2|
L
)
, (2)
where G(|x1 − x2|) = 〈φ(x1)φ(x2)〉 is the orrelation funtion of the salar eld, P gives the amplitude of the inaton
perturbations φ, and we have onsidered the ase of sale invariant utuations. The sale L is an a priori arbitrary
uto needed to regulate the infrared divergenes of the two point orrelator. In reality, the theory may ontain a
physial sale beyond whih sale invariane is broken and L may be related to that sale. For instane, one ould
argue that in our loal path ination has lasted only a nite time so that beyond some infrared sale, the assumption
of sale invariane neessarily breaks down. In any ase, in the atual experiments only dierenes of orrelators are
measured and they remain nite even in the limit L→∞ ,
〈ζ(x1)ζ(x2)〉(1) − 〈ζ(x1)ζ(x3)〉(1) ∼ −(N ′)2Pφln
∣∣∣x1 − x2
x1 − x3
∣∣∣ . (3)
The value of the IR uto L is therefore irrelevant when onsidering observable quantities alulated using rst order
perturbation theory.
1
More aurately, the expressions depend on an IR uto L.
2The situation beomes more ompliated beyond the linear order sine the divergent part of the orrelators will no
longer be simply an additive onstant. For example, the seond order ontribution to the two point orrelator behaves
as
〈ζ(x1)ζ(x2)〉(2) ∼ −N ′N ′′′〈φ2〉Pφln
( |x1 − x2|
L
)
+
1
2
(N ′′)2P2ln2
( |x1 − x2|
L
)
, (4)
whih in the limit L→∞ ontains divergenes depending also on the separation of the two points x1 and x2.
There are two distint issues assoiated with the appearane of these IR divergenes. The rst is whether
G(|x1 − x2|) is atually IR divergent. The divergene is the outome of the assumption that the spetrum is sale
invariant, an assumption that will probably break down after some sale L. One might expet that the omplete
theory of ination predits a well dened value for G(|x1 − x2|), maybe large but free of divergenes. The other
issue is the relation of this (large) value of G(|x1 − x2|) to the measurements of an observer aessing only a small
path of the whole universe. In other words: how do the preditions of the theory dened on the largest possible
sales translate into preditions for measurements on muh smaller sales? These problems have been disussed in
the literature [3, 4, 5, 6, 7℄, but there seems to be no agreement on the orret approah.
In this paper we address both issues. First, we show that the variane of the eld 〈φ2〉 is nite and well dened
for generi slow-roll ination. We prove this using the framework of stohasti ination whih aurately desribes
the utuations of quantum elds on superhorizon sales. Furthermore, we note that sine IR utuations are only
observationally relevant in regions whih have exited the eternally inating regime and have eventually thermalized,
the sale of eternal ination V (φEI) . ǫ(φEI)M
4
P provides an ultimate upper limit for observable utuations. Only
below the length sale LEI, orresponding to φEI, does the notion of a well dened evolving bakground eld apply
and the spaetime an be approximated by a global FRW metri. We then proeed to onsider how preditions at this
sale an be related to preditions for observations restrited in pathes of sizeM < L < LEI by applying a systemati
renormalization presription. In partiular, we fous on the renormalization of the lassial one loop expressions for
the 2-point and 3-point funtions of the urvature perturbation. We nd that the renormalization amounts to shifting
the bakground elds in the onneted parts of the orrelators. Furthermore, we note that apart from some ontrived
models, the exat position of the path of size M in the larger universe is irrelevant in single eld ination, to the
extent that the bakground evolution orresponding to the observable pathM has been dened. Therefore, averaging
over all possible embeddings of M in the whole universe has no meaning in this ontext.
The paper is organized as follows: In setions II and III we use the formalism of stohasti ination to demonstrate
that for potentials supporting slow-roll ination, the one point funtions of the salar eld and the urvature per-
turbation are nite as long as the energies are sub-plankian. Therefore there are no real IR divergenes assoiated
with inationary utuations. Then, in setion IV we relate preditions at sales L to sales M < L using the ∆N
formalism, and argue that a renormalization group equation an be used to relate preditions obtained using two
dierent utos/renormalization sales. In setion V we disuss a onrete example, the free eld, and demonstrate
that it is possible to onstrut an observable that is both infrared nite and renormalization point independent. In
setion VI we lose with a disussion and a omparison of our ndings to reent work on the subjet.
II. ETERNAL INFLATION AND ONE-POINT CORRELATION FUNCTIONS OF THE INFLATON
In this Setion, we will show how eets of eternal ination lead to the regularization of the infrared divergenes
present in the orrelation funtions of the inaton. Although we will fous on the haoti ination senario [8, 9℄, our
analysis an be easily extended to the ase of new ination [8, 10℄, ination driven by multiple elds [11℄ or to the
ase of the urvaton senario [12℄.
Let us suppose that primordial ination is driven by a single salar eld φ with the potential V (φ) satisfying the
slow roll initial onditions ǫ = 12M
2
P (V,φ/V )
2 ≪ 1, η = M2PV,φφ/V ≪ 1. During one Hubble time ∆t ∼ H−1 the
value of the inaton eld hanges by
∆φ ∼ φ˙∆t ∼ V,φ
3H2
∼ M
2
P
8π
V,φ
V
. (5)
On the other hand, at the same time sale utuations of the inaton δφ are generated with a harateristi wavelength
l ∼ k−1 ∼ H−1. These utuations have a randomly distributed amplitude among dierent ausally disonneted
regions (Hubble pathes), and the width of this distribution is given by
|δφ| ∼ H
2π
∼
√
2V
3πM2P
. (6)
3As a result, observers living in dierent Hubble pathes see dierent expetation values of the inaton, beause for
them long wavelength (superhorizon) utuations δφ are physially indistinguishable from the inaton zero mode.
In some Hubble pathes the sign of the infrared utuation δφ is positive, in others it is negative and therefore may
overome the eet of the lassial fore (5) ating on the inaton. When ∆φ . |δφ|, stohasti utuation δφ may
lead to the eetive growth of the of expetation value of the inaton φ in a given Hubble volume. This regime is
denoted as eternal ination beause there will be always Hubble pathes where the expetation value of the inaton
ontinues to grow [13℄.
One an see that the stohasti fore beomes more important than the lassial one when |(M2P /V )V,φ| .
√
V/M2P
or
V (φEI) & ǫ(φEI)M
4
P , (7)
where ǫ is the slow roll parameter. For example, in the λφ4 haoti ination model the ondition (7) is satised when
φ > φEI = λ
−1/6MP . Sine the upper bound on possible values of eld orresponds to the Plankian energy density,
we onlude that the regime of eternal ination is realized at λ−1/6MP < φ < λ
−1/4MP , a very wide interval of
possible values of the inaton, sine λ ∼ 10−13.
Larger values of eld orrespond to larger sales of perturbations in the haoti inationary senario, and one may
onlude that the regime of eternal ination an inuene the infrared behavior of the orrelation funtions of both
φ and the urvature perturbation ζ. In fat, as Woodard has shown [14℄, leading infrared logarithmi divergenes in
the orrelation funtions of φ and ζ an be reprodued in the formalism of stohasti ination [8℄ whih is thus well
suited for treating the regime of eternal ination.
In this formalism one deomposes the Heisenberg operator for the eld φ into the infrared and ultraviolet parts
aording to the presription
φˆ(N,x) = Φ(N,x) +
1
(2π)3/2

d3k θ(k − δaH)
(
aˆkφk(N)e
−ikx + aˆ†kφ
∗
k(N)e
ikx
)
+ δφ, (8)
where N = log a is the number of inationary e-folds, δ ≪ 1 is a small parameter2, θ(x) is the Heaviside step
funtion and δφ is a small ontribution suppressed by additional powers of the slow roll parameters. We are espeially
interested in the dynamis of the infrared part Φ of the inaton eld, whih is responsible for the infrared divergenes.
Substituting the deomposition (8) into the equation of motion for the Heisenberg operator φˆ, one an show that
the infrared part Φ satises the Langevin equation
∂Φ
∂N
= − 1
3H2
V,Φ +
f
H
, (9)
where f is the omposite operator ontaining ontributions of the ultraviolet modes and having the orrelation property
〈f(N)f(N ′)〉 = H
4
4π2
δ(N −N ′), (10)
as an be heked by a diret alulation of this orrelator in the Bunh-Davies vauum state. The remarkable
property of the equation (9) is that all its terms ommute with eah other and therefore an be onsidered as lassial
stohasti quantities. The Langevin equation (9) desribes the proess of the inaton random walk due to the eet
of generated superhorizon utuations.
At the next step, by the Stratonovih presription one proeeds from the Langevin equation (9) to the Fokker-Plank
equation
∂P
∂N
= − 1
3πM2P
∂2
∂φ2
(V P ) +
M2P
8π
∂
∂φ
(
V −1
∂V
∂φ
P
)
, (11)
whih governs the evolution of the probability P (φ,N) to measure a given expetation value of the ination in a given
Hubble path. Its solution an be expressed in the form
P (φ,N) = v(φ)e−v(φ)
+∞∑
n=0
cnψn(φ)e
−EnN , (12)
2
This parameter is intrinsially related to the deoherene sale ld, where perturbations whih are leaving the horizon nally beome
lassial (i.e., to the sale, where deaying mode an be negleted as ompared to the growing one). The sale deoherene ld orresponds
to few e-folds after perturbations leave the horizon. Note that δ annot be made arbitrarily small as it is related to the slow roll parameters
[8℄.
4where
v(φ) =
3M4P
16V (φ)
, (13)
while ψn and En are the eigenfuntions and eigenvalues of the Shrödinger equation given by
− 1
2
ψ
′′
n +
1
2
(−v′′ + (v′)2)ψn = Enψn 8πv
M2P
. (14)
Due to the supersymmetri form of the potential in the Shrödinger equation (14) all eigenvalues satisfy the ondition
En ≥ 0, and it is trivial to see that the ground state orresponds to a zero eigenvalue. To be preise, the ground state
orresponds to E0 = 0 if and only if the orresponding eigenmode is normalizable. However, this is always the ase
for haoti inationary models with V (φ) bounded from below and growing as φ→ 0.
The Fokker-Plank equation (11) should be supplemented with initial onditions (in partiular, they dene onstants
cn with n ≥ 1 in the solution (12)). It is physially reasonable to hoose them near the hypersurfae of Plankian
energy density V (φmax) = M
4
P orresponding to the osmologial singularity.
3
If the universe started its evolution
from the single Hubble path of the nearly Plankian size (with, say, H2i ∼ 12M2P ), one takes
P (φ,Ni) = δ
(
φ− 1√
2
φmax
)
, (15)
where Ni = log ai and ai is the initial value of the sale fator in that Hubble path.Observe that one annot hoose
initial onditions of the form Pi = δ(φ − φmax) due to breakdown of the quasilassial approximation used for the
derivation of the Langevin equation (9).
From the solution (12) we see that in the deep infrared limitN = log a → ∞ or, more preisely, at log a≫ E−11 only
the term with E0 = 0 survives in the solution (12), i.e., the distribution funtion P (φ,N) reahes its time-independent
asymptotis
PLV(φ) ∼ V (φ)−1 exp
(
− 3M
4
P
8V (φ)
)
(16)
whih is alled the Linde-Vilenkin wavefuntion of the Universe [15, 16℄. Therefore, one-point orrelation funtions of
the inaton eld are given in the limit N →∞ by the expression
〈φn〉IR = 1
N
 φmax
φmin
dφφnPLV(φ), (17)
where φmin is given by the ondition ǫ(φmin) ∼ 1, the normalization is dened as N =
 φmax
φmin
dφP (φ), and n is arbitrary
(limited only by the ondition that the orresponding integrals onverge).
Therefore, we have expliitly shown that the naively diverging infrared parts of all one-point orrelation funtions
of the inaton eld are rendered nite one one takes the eets of eternal ination into aount.
One may observe that, although being nite, the orrelators 〈φn〉IR still remain very large. As an example, one
an take haoti inationary model with the potential V (φ) = 12m
2φ2. Using Eqs. (16), (17) and taking into aount
the the upper bound for the value of the inaton eld is φmax =
√
2M2p/m, we nd that 〈φ2〉IR ≈ 0.96M4P/m2 and
〈φ4〉IR ≈ 0.15M8P/m4. The level of non-gaussianity generated by eternal ination 〈φ4〉IR − 3〈φ2〉2IR ≈ −2.61M8P/m4
is extremely large. However, this amount of non-gaussianity will never be aessible for an observer within a given
Hubble path sine the horizon of this Hubble path will never ross the hypersurfae of eternal ination [18℄.
For ompleteness, let us disuss what happens with the Fokker-Plank probability distribution if eternal ination
omes to an end before the stationary asymptotis (16) is reahed.
At φ < φEI one has to neglet the rst, stohasti, term in the right-hand side of the Fokker-Plank equation (11),
and the latter aquires the form
∂P
∂N
=
M2P
8π
∂
∂φ
(
1
V
∂V
∂φ
P
)
. (18)
3
Contrary to the general lore, the regime of eternal ination does not solve the problem of osmologial singularity, and the latter remains
unavoidable even in eternally inating spae-time [17℄. By hoosing suh initial onditions for the Fokker-Plank equation, we neglet
Hubble pathes where the singularity is ahieved but the overall energy density in the path is dominated by matter elds other than
the inaton eld φ.
5Its solution is given by
P (φ,N) =
V
V,φ
f
(
N +
 φ
φmin
dφ
8π
M2P
V
(
∂V
∂φ
)−1)
, (19)
where the funtion f should be determined from the evolution of the probability distribution P in the regime of
eternal ination. The physial meaning of the solution (19) is that the probability is transported unhanged along
the hypersurfae
N +
 φ
φmin
dφ
8π
M2P
V
(
∂V
∂φ
)−1
= Ntotal. (20)
Note that we ount the number of e-folds starting from the beginning of ination instead of from its end, i.e., we
dene N = log (a/ai), where ai is the initial value of the sale fator.
Finally, we note that the multipoint orrelation funtions of the form 〈φ(x1)φ(x2) · · ·φ(xn)〉, where x1, x2, . . ., xn
are separated by distanes larger than the oarse graining sale (i.e., the horizon sale) depend on the Starobinsky's
deoherene parameter δ and annot be alulated without onsidering arefully what happens at near-horizon sale.
III. ONE-POINT CORRELATION FUNCTIONS OF THE CURVATURE PERTURBATION
Let us now show that one-point orrelation funtion of the urvature perturbation 〈ζn〉 also remains nite if one
takes properly into aount the eets of eternal ination. Our goal will be to alulate the average duration of
the inationary stage 〈Ntotal〉 as well as its higher order orrelation funtions 〈Nntotal〉 for arbitrary n. Correlation
funtions of the urvature perturbation ζ at the end of ination (i.e., at N = Ntotal) are trivially related to the latter:
〈ζn(Ntotal)〉 = 〈(Ntotal − 〈Ntotal〉)n〉. (21)
To alulate these one-point orrelation funtions, we will use the method developed by Starobinsky in [8℄ and expand
it for the ase of haoti infationary senario.
It is basially guaranteed that ination will ome to the end in a given Hubble path when the inaton expetation
value drops below the boundary φEI dened by the Eq. (7), and the evolution of the inaton eld beomes determin-
isti. However, there are still stohasti utuations of the inaton eld whih may lead to a sudden hange of φ in a
given Hubble path from a value φ > φEI to the value φmin < φ ≪ φEI. Thus, to nd the total expeted number of
e-folds for the given Hubble path one has to use the formalism of stohasti ination.
The probability distribution for the end of ination or, in other words, the total number of e-folds Ntotal an be
determined from the probability distribution P (φ,N) from onservation of probability by
w(Ntotal) = P (φ,N)
∣∣∣∣
(
∂φ
∂Ntotal
)
N
∣∣∣∣ = M2P8π limφ→φmin
∣∣∣∣ 1V ∂V∂φ
∣∣∣∣ P (φ,Ntotal). (22)
Instead of dealing with this distribution funtion diretly, we will alulate the orrelation funtions
Qn(φ) =
 +∞
Ni
dN NnP (φ,N), (23)
where Ni = log ai and ai is the value of the sale fator at the beginning of ination. The moments Qn an
be naturally related to the orrelation funtions of the total number of e-folds 〈Nntotal〉 and urvature perturbation
orrelation funtions 〈ζn〉 , as we will see later.
The zero moment Q0(φ) an be determined from the equation
− 1
3M2P
∂2
∂φ2
(V Q0) +
M2P
8π
∂
∂φ
(
1
V 2
∂V
∂φ
(V Q0)
)
= −P (φ,Ni). (24)
After taking into aount that Q0(φ = φmax) = 0, i.e., that the probability ow through the hypersurfae of Plankian
energy density is absent, one nds
V (φ)Q0(φ) = 3M
2
P e
−2v(φ)
 φmax
φ
dφ′ e2v(φ
′)
 φ′
φmin
dφ′′ P (φ,Ni), (25)
6where v(φ) is again given by Eq. (13). From this expression one an immediately see that the probability distribution
funtion (22) for the total duration of inationary stage is properly normalized:
M2P
8π
lim
φ→φmin
∣∣∣∣ 1V ∂V∂φ
∣∣∣∣Q0 =
 ∞
Ni
dN w(N) = 1. (26)
In turn, the higher moments Qn are governed by the reursive set of equations
− 1
3M2P
∂2
∂φ2
(V Qn) +
M2P
8π
∂
∂φ
(
1
V 2
∂V
∂φ
(V Qn)
)
= −nQn−1, (27)
relating higher moments Qn with the lower ones Qn−1. The general solution of Eq. (27) an be written in the form
similar to (25):
V (φ)Qn(φ) = 3M
2
P e
−2v(φ)
 φmax
φ
dφ′ e2v(φ
′)
 φ′
φmin
dφ′′ nQn−1(φ
′′). (28)
We immediately onlude that all the higher moments Qn(φ) are nite, sine Q0(φ) and all the integrals in this
expression are well behaved.
The orrelation funtions of the total number of e-folds are related with momentsQn(φ) aording to the presription
〈Nntotal〉 =
M2P
8π
lim
φ→φmin
∣∣∣∣ 1V ∂V∂φ
∣∣∣∣Qn = n
 φmax
φmin
dφQn−1(φ), (29)
where we have used Eq. (27).
4
In partiular, the average duration of the inationary stage is given by
〈Ntotal〉 =
 φmax
φmin
dφQ0(φ) = 3M
2
P
 φmax
φmin
dφV −1(φ)e−2v(φ)× (30)
×
 φmax
φ
dφ′ e2v(φ
′)
 φ′
φmin
dφ′′ P (φ,Ni). (31)
Finally, the urvature perturbation orrelation funtions are related to the moments Qn(φ) aording to the pre-
sription
〈ζn(Ntotal)〉 = n
 φmax
φmin
dφQn−1(φ) −
(
 φmax
φmin
dφQ0(φ)
)n
. (32)
As we see, all one-point orrelation funtions of Ntotal and ζ (omputed at the end of inationary stage) are nite
for all physially interesting haoti inationary models. The nal answer does depend on the initial onditions for
eternal ination due to the dependene of the zero moment Q0 on the initial distribution funtion P (φ,Ni). For
example, one has
〈Nntotal〉 = Cn
M2nP
m2n
, (33)
〈ζn(Ntotal)〉 = DnM
2n
P
m2n
(34)
for the m2φ2 haoti ination model, where Cn, Dn = Cn − Cn0 ∼ O(1) are numerial onstants depending on the
initial onditions. By virtue of the denition (21), D1 = 0.
These large non-gaussianities however never beome observable for any given observer within a given Hubble path,
and we now turn to a disussion of the observable quantities.
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In the deterministi inationary regime the rst term on the right hand side an be negleted with respet to the seond one (see the
end of the previous Setion).
7IV. THE TWO-POINT & THREE-POINT FUNCTIONS OF THE CURVATURE PERTURBATION AT
ONE LOOP
In the previous setion we demonstrated that the one-point funtions of the salar eld and the urvature pertur-
bation are nite when the eets of eternal ination are taken into aount. Thus, there are no real innities in the
theory. Furthermore, the sales alluded to in the previous setion are muh larger than any urrently observable sale.
Then the question arises: How do the preditions at sales L translate into preditions at sales M < L? We address
the issue of relating two dierent sales in the present setion using the presriptions of the ∆N formalism [2℄.
Aording to the ∆N formalism, the perturbative expansion for the orrelator of the urvature perturbation to one
loop is given by [19℄
〈ζ(x1)ζ(x2)〉 =
(
NAN
A +NAN
AB
B 〈φ2〉(l)(L)
)
G12 +
1
2
NABN
ABG212 , (35)
where Gij ≡ G(rij) = G(|xi − xj |) = 〈φ(xi)φ(xj)〉. The parameters L and l in the symbol 〈φ2〉(l)(L) are the infrared
and ultraviolet utos, respetively, applied to all quantities in equation (35). The 3-point funtion to one loop is
given by
〈ζ(x1)ζ(x2)ζ(x3)〉 =
[
NABN
ANB +
(
1
2
NAABCN
BNC +NAABN
BCNC
)
〈φ2〉(l)(L)
]
(G12G13 +G21G23 +G31G32)
+
1
2
NABCN
ABNC
(
(G12 +G13)G12G13 + (G21 +G23)G21G23 + (G31 +G32)G31G32
)
+ NABN
BCNAC G12G13G23 , (36)
where both of the above formulae assume that
〈φA(xi)φB(xj)〉 = δABGij . (37)
Thus, G(r) is the orrelation funtion of a generi light eld in quasi de-Sitter. The exat salar eld orrelator G(r)
is supposed to be known up to a superlarge sale L and is presumably well dened  see previous setion for its
oinident limit. Aording to the ∆N presription, all the derivatives of N in (35), (36) are to be evaluated at the
value of the bakground eld orresponding to some time after the shortest sale of interest has left the horizon. Note
that the expansion (35) requires the existene of a well dened bakground evolution. Then, the piture of stohasti
ination imposes that the largest eld value for whih the expansion (35) is appliable is given by the hypersurfae
of eternal ination (7) with φEI. For larger eld values, φ > φEI, the notion of the bakground eld breaks down and
so does the expansion (35). Spaetime above this sale an no longer be desribed by a global FRW metri and the
orrelators G(r) are no longer translationally invariant. However, it is important to note that an observer will never
interat with the surfae of eternal ination sine suh an interation presupposes a universe whih has thermalized
as only in the thermalized pathes will the horizon grow, permitting suh measurements.
Consider now an observer loated in some random position. Sine the state of the eld is translationally invariant,
the stohasti properties of the eld will be desribed by the orrelation funtion G(r) for any suh observer. However,
the eld utuations will not be experimentally aessible beyond some length sale M dening the ausal path of
the observer. Flutuations with wavelengths longer than M should appear as part of the bakground for this path.
Sine these utuations only ontribute a onstant to G(r) for r < M , the orrelator appropriate for desribing
measurements within the observer's path is
G˜(r) ≡ G(r) − 〈φ2〉(M)(L) . (38)
In other words, an observer limited to measurements in a volume r < M will be able to measure G(r) up to a onstant.
One has
G˜(r) =
r/M

r/L
dp
p
Pφ(p)
(
sin p
p
− 1
)
+
1/l

1/M
dk
k
Pφ(k) sin kr
kr
⇒ G˜(0) = 〈φ2〉(l)(M) , (39)
where Pφ(k) is the power-spetrum obtained from the fourier transform of G(r). The rst term in G˜ (39) gives a
small nite orretion to the orrelation funtion whih goes to zero as r beomes muh smaller thanM . The minimal
length sale l orresponds to the shortest osmologial sale of interest; it is known to be at least 60 e-folds smaller
than the size of the ausal path M (or larger depending on the temperature at reheating).
8Let us now express Eq. (35) in terms of G˜(r), the orrelator appropriate for the path of the size M . Keeping only
one loop terms, we have
〈ζ(x1)ζ(x2)〉 =
(
NAN
A +
1
2
(NAN
A)BB〈φ2〉(M)(L) +NANABB 〈φ2〉
(l)
(M)
)
G˜12 +
1
2
NABN
ABG˜212 +NAN
A〈φ2〉(M)(L) . (40)
The last term is a onstant, whih anels out when omparing dierenes of two orrelators. The oeient of G˜(r)
now inludes the term 〈
NANA
(
φ¯L + φ(x)
(M)
(L)
)〉
= NAN
A

φ¯L
+
1
2
(NAN
A)BB

φ¯L
〈φ2〉(M)(L) , (41)
where φ¯L denotes the bakground eld appropriate for the sale L and φ(x)
(M)
(L) are utuations with wavelengths
larger than M . The 3-point funtion gives a similar result. Expressed in terms of G˜(r) it takes the form
〈ζ(x1)ζ(x2)ζ(x3)〉 =
[〈
NABN
ANB
(
φ¯L + φ(x)
(M)
(L)
)〉
+
(
1
2
NAABCN
BNC +NAABN
BCNC
)
〈φ2〉(l)(M)
] (
G˜12G˜13 + . . .
)
+
1
2
NABCN
ABNC
((
G˜12 + G˜13
)
G˜12G˜13 + . . .
)
+NABN
BCNAC G˜12G˜13G˜23
+ 2NABN
ANB〈φ2〉(M)(L)
(
G˜12 + G˜13 + G˜23
)
+ const , (42)
where we again have retained only terms up to one loop. We thus see that the result of L→M is the replaement of
the tree level oeients by their averages,
An(M) =
〈
An
(
φ¯L + φ(x)
(M)
(L)
)〉
, (43)
where A1 = NANA , A2 = NABNANB et, as well as the appearane of a disonneted part whih for the two point
orrelator is simply a onstant. Otherwise, the funtional form of the expansion as given by the rules of [19℄ remains
the same with all integrals now trunated at the new IR uto M . The same should hold for all oeients of all
orrelators in the ∆N expansion and therefore we write
〈ζ(x1)ζ(x2)〉M =
(
〈NANA〉+ 〈NANABB 〉〈φ2〉(l)(M)
)
G˜(r) +
1
2
〈NABNAB〉G˜2(r) + . . . , (44)
and
〈ζ(x1)ζ(x2)ζ(x3)〉M =
[
〈NABNANB〉+
(
1
2
〈NAABCNBNC〉+ 〈NAABNBCNC〉
)
〈φ2〉(l)(M)
] (
G˜12G˜13 + . . .
)
+
1
2
〈NABCNABNC〉
((
G˜12 + G˜13
)
G˜12G˜13 + . . .
)
+ 〈NABNBCNAC 〉 G˜12G˜13G˜23
+ 2〈NABNANB〉〈φ2〉(M)(L)
(
G˜12 + G˜13 + G˜23
)
+ . . . . (45)
Thus, the oeients appropriate for the uto M an be alulated by replaing φ¯L → φ¯L + φ(x)(M)(L) and averaging
over all eld utuations φ(x)
(M)
(L) with wavelengths longer than M . This appears to be the generi form for the ∆N
expansion when used in pathes smaller than LEI .
Equation (43) ould also be interpreted in the following way: for an observer in the path of the size M making
observations at r < M , the quantity φ¯L + φ(x)
(M)
(L) is a slowly varying funtion, indistinguishable from a bakground
eld. Of ourse, this bakground diers aording to the loation of the path in the larger volume of size M . Thus,
the average in equation (43) an be seen as an average over the position of the path of the size M in the larger
volume or, equivalently, an average over all possible bakgrounds seen by observers residing in M [3, 6℄. Of ourse,
this quantity is not (neessarily) related to observable quantities of interest to any partiular observer in a spei
path, in agreement with the results of [3, 6℄.
The above onsiderations might seem to suggest that the only appropriate infrared uto for observers like us is the
urrent horizon L = 1/H0 [3℄. Dening the theory at L = 1/H0, seems to avoid the need of using averages in the ∆N
expansion. However, framed in this way, the hoie of the IR uto seems ditated by onveniene rather than the
theory itself and is hene ad ho, designed to hide the long wavelength utuations. However, utuations on sales
9larger than our urrent horizon presumably exist and we simply have to wait a few billion years to aess them. In
the future we will be fored to alulate using the uto appropriate for that time and thus obtain a dierent result
for our loal urvature perturbation. Therefore, using a larger box should not introdue any theoretial unertainty
for preditions of the loal urvature perturbation eld.
Equation (40) allows us to deal with a hange in the IR uto. We an dene the oeients in the expansion (35)
to be evaluated at a bakground eld appropriate for our urrent path and impose 1/H0 as an IR uto. If now we
are granted aess to longer wavelengths, say by waiting long enough and repeating our observations, it is expeted
that we will infer a dierent bakground evolution sine we will now be averaging over a dierent volume and more
long wavelength utuations will be visible. Thus, we must aordingly revise the inationary history that we math
to the post-inationary universe. This will of ourse lead to a variation in the oeients of the ∆N expansion for
the onneted part of the orrelators, given by
M
dAn
dM
= −1
2
(An)BB Pφ(1/M) . (46)
This running shows how the onneted parts of the orrelation funtions of the urvature perturbation hange as the
uto sale M is inreased. It is akin to the renormalization group ow in quantum eld theory, where the oupling
onstants run with the renormalization sale, and we will aordingly refer to M as the renormalization sale for
osmologial perturbations. We note, however, that at least for the 2-point funtion (40) the renormalization simply
amounts to a onstant hange in the numerial value of the onneted part of the orrelator (see (35)). The dierene
of the 2-point funtions, whih is a measurable quantity, thus remains invariant under the hange of the uto sale
〈ζ(x1)ζ(x2)〉 − 〈ζ(x1)ζ(x3)〉 = 〈ζ(x1)ζ(x2)〉M − 〈ζ(x1)ζ(x3)〉M . (47)
Equation (46) admits the following interpretation, at least in the ase of single eld ination. The oeients An
are funtions of the derivatives of the number of e-folds N(φ) w.r.t. φ: An(N ′, N ′′, . . . , N (n)). We assume that from
(46) one an derive a onsistent set of equations for the running of the derivatives of the form
dN (n)
d lnM
= F(N ′, N ′′, . . . , N (n)). (48)
We see that as M is hanged, the values of the derivatives N (n)(φ), and thus the funtion N(φ) itself, are hanged
aording to (48). Furthermore, equation (48) takes a partiularly simple form for inationary models with a monomial
potential V (φ) = κφn. Indeed, for suh models
N ′ = − 1
n
8π
M2P
φ , N ′′ = − 1
n
8π
M2P
, (49)
and eqs (48) simply beome
dN ′
d lnM
= −1
2
N ′′2
(N ′)
P(1/M) . (50)
We illustrate this point with a simple example in the next setion and refer to future work for further investigation.
V. A CONCRETE EXAMPLE: FREE FIELD
In this setion, we onsider two point orrelators of the urvature perturbation in single eld ination with quadrati
potential V = 12m
2φ2, although the following disussion would proeed pratially unhanged for any monomial
potential. We have
N ′ = − 4π
M2P
φ¯ , N ′′ = − 4π
M2P
, (51)
and all the higher order derivatives vanish. The two point orrelator (35) is thus written to all orders in loops as
〈ζ(x1)ζ(x2)〉 = (N ′)2G12 + 1
2
(N ′′)2G212 . (52)
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Aording to (48), the value of N ′ will hange as the uto is inreased. We parameterize the variation as
N ′ = − 4π
M2P
φ¯⋆ + β(M) , β(1/H0) = 0 , (53)
where we have assumed that the original uto has been set at our present horizonM0 = 1/H0, suh that expressions
(51) hold for this uto, and φ¯⋆ denotes the bakground eld appropriate for this uto. We thus have
dβ
d lnM
=
1
2
(
4π
M2P
)2 P(1/M)
4π
M2
P
φ¯⋆ + β(M)
, (54)
from whih we obtain
β(M) =
4π
M2P
φ¯⋆
(
1−
√
1− P
2φ¯2⋆
lnH0M
)
(55)
where we have negleted the sale dependene of P . Thus, with the new uto M , N ′ reads
N ′ = − 4π
M2P
φ¯⋆
√
1− P
2φ¯2⋆
lnH0M ≡ − 4π
M2P
φ¯M . (56)
In this ase, hanging M simply amounts to evaluating expressions (51) at a new eld value, shifted by
φ¯→ φ¯
√
1− P
2φ¯2
lnH0M . (57)
Note that the form of the theory remains unhanged, ie still desribed by a quadrati potential. This is a general
feature of all monomial potentials.
So far, we have shown that one is free to hoose the IR uto for inationary perturbations, provided appropriate
shifts in the parameters of the theory are performed, see (57). It is also interesting to note that for a free eld
it is simple to onstrut manifestly infrared nite expressions ontaining the one-point orrelators of the urvature
perturbation. The expression for the two point orrelator (52) an be inverted to yield
G12 = φ¯
2
(
−1 +
√
1 + (8π2)−1(MP/φ¯)4〈ζ(x1)ζ(x2)〉
)
, (58)
where we have negleted the other unphysial root that would yield perturbations of the same order as the bakground
eld G(r) ∼ φ¯2. The orrelator G(r) in (58) of ourse depends logarithmially on the IR uto but the dierene
G(r) −G(r′) =
1/l

1/L
dk
Pφ(k)
k
(
sin(kr)
kr
− sin(kr
′)
kr′
)
=
1/l

1/L
dk
Pφ(k)
k
(
k
6
(r′2 − r2) + . . .
)
(59)
ontains only negative powers of L and is thus nite even in the limit L → ∞. Thus we an onstrut a manifestly
infrared nite expression
G12 −G13 = φ¯2
(√
1 + (8π2)−1(MP/φ¯)4〈ζ(x1)ζ(x2)〉 −
√
1 + (8π2)−1(MP/φ¯)4〈ζ(x1)ζ(x3)〉
)
. (60)
By approximating the eld orrelator as
G(r) ≈ −Pφln
( r
L
)
, (61)
one further obtains√
1 + (8π2)−1(MP/φ¯)4〈ζ(x1)ζ(x2)〉 −
√
1 + (8π2)−1(MP/φ¯)4〈ζ(x1)ζ(x3)〉 = Pφ
φ¯2
ln
(
r13
r12
)
, (62)
where the dependene on the uto has ompletely disappeared. This an be seen as a non-perturbative generalization
of the rst order result (3), whih is rederived by expanding (62) to rst order in (MP/φ¯)
4〈ζζ〉. Sine equation (62)
does not depend on the uto L at all, it remains unhanged in the renormalization presription desribed above and
is thus renormalization group invariant to the preision of the approximation (61). Given a measurement of the two
point orrelator of the urvature perturbation 〈ζ(x1)ζ(x2)〉 for one separation of points r12, equation (62) an thus
immediately be solved to nd an unambiguous predition for the orrelator at any other separation r13.
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VI. DISCUSSION
The appearane of IR divergenes in osmologial perturbation theory has been addressed by many authors with
onlusions that do not always oinide [3, 4, 5, 6, 7℄. For example, Lyth [3℄ has suggested that the appropriate IR
uto for inationary alulations is a box slightly larger than the observable universe. He argued that the use of a
muh larger box leads to problems sine one would further need to average over the position of our observable path
in this larger box and that this would introdue theoretial unertainties. However, framed in this way, the hoie of
the IR uto seems ditated by onveniene rather than by the theory itself and is hene ad ho. On the other hand,
the authors of [6℄ have pointed out that IR eets are indeed irrelevant for the observations but oneded that using
a box larger than the horizon would require one to average over the position of our path leading to a predition for
an averaged, and therefore inherently statistial, power spetrum. In ontrast, we do not nd any suh theoretial
unertainty, nor is there any need to average over the possible embeddings of our observable universe into the box
dened by the hypersurfae of eternal ination, sine the eld orrelator is manifestly translation invariant. This due
to the fat that the box itself is dened by the end of ination, i.e. eah point has experiened the same xed number
of e-folds.
Using the framework of stohasti ination, we rst showed that for slow roll ination the utuations are in fat
nite to all sales up to Plankian energy density
5
. However, utuations on suh sales are unobservable, and only
regions whih have thermalized are interesting observationally. We then related the preditions for the urvature
perturbation on the largest possible thermalized sales to observations performed in muh smaller regions by an
appropriate redenition of the oeients in the ∆N expansion. As we have disussed, this proedure an be arried
out to the ase of 3-point funtions, and we onjeture that this is so for any n-point orrelator.
Our ndings show that it is indeed permissible to use our horizon as a uto but that there is no unertainty related
to using a larger box. In perturbation theory the dierene between the two hoies is an additive onstant plus a
redenition of the bakground at whih the oeients of the ∆N expansion (35) should be evaluated. In a sense,
the size of the box M represents simply the renormalization point, the redenitions a renormalization presription.
The largest possible box is dened by the requirement that the eld has dropped below the eternal ination threshold
(see Eq. (7)) and has therefore thermalized. Sine G(r) is translationally invariant, any observer onned in a path
of size M is able to probe it for r < M and obtain the same answer regardless of where the path is loated.
Thus, in general the orrelators of the urvature perturbation were seen to depend on the renormalization sale M .
Sine the (perturbative) renormalization of the two-point orrelator amounts to a onstant hange in the numerial
value of the onneted part of the orrelator, the dierene of the two-point funtions atually remains invariant under
the hange of the uto sale. As disussed in setion V, in the free single eld ase it is straightforward to nd also a
non-perturbative generalization of the rst order result whih is independent of the infrared uto L. As is apparent
from Eq. (62), given a measurement of the orrelation of the urvature perturbation between the points x1 and x2,
one an nd an unambiguous and renormalization point independent predition for any 〈ζ(x1)ζ(x3)〉. It would be
very interesting to generalize this result to multield ases as well as to non-trivial potentials.
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